Abstract: We investigate slow-light-enhanced nonlinear characteristics in slot waveguides composed of photonic crystal (PC) nanobeam cavities. To evaluate the effective nonlinear coefficient, numerical simulations are performed by using 3-D vector finite-element method for periodic waveguide analysis. Results show that the maximum nonlinear coefficient of 11 600 m À1 W À1 is obtained by optimizing waveguide width and height. This high optical nonlinearity is realized owing to strong light confinement at slotted geometry and small group velocity in PC nanobeam cavities. Also, we show that there exists tradeoff between the effective nonlinear coefficient and the bandwidth in the case of changing one-period length of the proposed structure.
Introduction
Nonlinear optical effects play a key role in dense on-chip integration of both photonic and electronic devices. Slot waveguides have attracted much attention due to their unique property of strongly confining light to the low refractive index region [1] , [2] . By filling the slot region with a material that has high nonlinear refractive index, optical nonlinearity can be effectively enhanced [3] , [4] . The enhancement of optical nonlinear effects in slot waveguides was experimentally demonstrated; for example, four-wave mixing (FWM) in slot waveguides with silicon nanocrystals was reported [5] . Many practical applications have been reported such as wavelength converter [6] , optical modulator [7] , and optical logic gates [8] . On the other hand, photonic crystal waveguides (PCWs) have also been studied for enhancement of the optical nonlinear effects [9] , [10] . Small group velocity in PCWs brings about strong light-matter interactions, which enable enhancement of optical nonlinearity. FWM in 396-m-long PCWs [11] and in GaInP PCWs [12] with a high conversion efficiency have been reported. In addition, two-photon absorption (TPA) [13] and self-phase modulation (SPM) [14] in PCWs were reported.
Recently, several types of combinations of slot waveguides and PCWs have been reported [15] - [21] . By using these combined structures, both strong light confinement and slow-light effects can be realized. Slow-light-enhanced optical nonlinearity in slotted 2-D PCWs was experimentally studied [16] , and electro-optic modulator [17] and absorption spectrometer [19] were proposed.
Photonic crystal (PC) horizontally slotted nanobeam cavity for lasing was demonstrated [21] . Riboli et al. proposed basic concepts of slot waveguides composed of 1-D PCWs and 1-D PC coupled resonator optical waveguides (CROWs) [15] . However, slow-light-enhanced nonlinear characteristics in the slot waveguides composed of the PCWs have not been investigated yet.
In this paper, we investigate slow-light-enhanced nonlinear characteristics in slot waveguides composed of PC nanobeam cavities. In order to enhance slow-light effects, we employ the modulated mode-gap barrier [22] - [24] that achieves a high confinement of light in PC nanobeam cavity. In our previous works, we have proposed 1-D PC-CROWs composed of PC high-Q nanobeam cavities based on the modulated mode-gap barrier and shown that they can realize small group velocity and low leakage loss simultaneously [25] . Through the use of the 3-D vector finiteelement method (3-D VFEM) for periodic waveguide analysis [26] , we evaluate the effective nonlinear coefficient in the proposed structure. Numerical results show that the maximum nonlinear coefficient of 11 600 m À1 W À1 is obtained by optimizing waveguide width and height. We also show that there exists tradeoff between the effective nonlinear coefficient and the bandwidth in the case of changing the one-period length of the proposed structure.
Structure of Slot Waveguides Composed of PC Nanobeam Cavities
We show a one-period structure of slot waveguides composed of PC nanobeam cavities in Fig. 1 , where a is a lattice constant, w is a waveguide width, h is a waveguide height, and w s is a slot width. Fig. 2 shows a cross section of slot waveguide. The slot region is composed by sandwiching an organic material between two PC nanobeam cavities. All the holes in the PC nanobeam cavity are numbered as shown in Fig. 1 . Because the number of holes becomes 2m þ 1, the one-period length Ã becomes ð2m þ 1Þa. The ith hole radius r i is determined by
where r 0 is the hole radius at the center of the PC nanobeam cavity, and M r is a value that determines a changing rate of hole radii [23] . Moreover, we set minimum hole radius r min . If r i calculated from (1) is smaller than r min , r i is replaced by r min , and if calculated r i is larger than r min , r i stays at the calculated value. From the results of previous works [25] , we set m ¼ 6, r 0 ¼ 100 nm, M r ¼ 19, and r min ¼ 90 nm in order to achieve the small group velocity and low leakage loss simultaneously. We assume Si and SiO 2 as a core material and an under cladding, respectively. Also, we assume [27] as a slot material and an overcladding. Since we can homogenously fill a slot region and holes with DDMEBT owing to its numerator structure, in practice, we can suppress propagation loss [4] . We set the refractive indices of n Si , n SiO2 , and n DDMEBT as 3.5, 1.45, and 1.8, respectively. We investigate a structural dependence of an effective refractive index and an effective mode area of the slot waveguide (see Fig. 2 ) by using 2-D VFEM [28] . The waveguide width w and height h are changed between 150 nm and 350 nm. The slot width w s is fixed as 100 nm. Fig. 3 (a) and (b) shows the effective refractive index and the effective mode area as a function of the waveguide width for the different waveguide height, respectively. Fig. 4 (a) and (b) shows electric-field distributions of the slot waveguide that achieve a small effective mode area ðw ¼ h ¼ 250 nmÞ and a large effective mode area ðw ¼ h ¼ 350 nmÞ, respectively. It can be seen that the effective refractive index increases as the waveguide width and height increase. On the other hand, it can be seen that the effective mode area changes as a quadratic function. In short, the effective mode area has a minimum value in specific waveguide parameters. If we consider the enhancement of the optical nonlinearity in slot waveguides, achieving the minimum effective mode area is important [3] , [4] . However, in this paper, we consider the enhancement of optical nonlinearity in the structure composed of combining the slot waveguides and PCWs. Therefore, we expect that we have to evaluate the optical nonlinearity in consideration of both the effective mode area and the group velocity.
Investigation of Slow-Light-Enhanced Optical Nonlinearity
In this section, we investigate the structural dependence of the effective nonlinear coefficient by using 3-D VFEM for periodic waveguide analysis [26] . From the results of previous section, we choose three combinations of the waveguide width and height w ¼ h ¼ 250 nm, 300 nm, and 350 nm because we should set the waveguide width w larger than 2r i . Fig. 5(a)-(c) shows the structural dependence of dispersion curves, group index, and leakage losses of the slot waveguides composed of PC nanobeam cavities, respectively, where is the propagation constant along the propagation direction, and n g is the group index. Fig. 6 shows the electric-field distribution of slot waveguides composed of PC nanobeam cavities with w ¼ h ¼ 350 nm. We can see the strong confinement in the slot region. Fig. 5(b) is obtained from Fig. 5(a) , and we can see that the group index at a frequency that achieves a zero group velocity dispersion (GVD), which is obtained when a slope of a group index becomes zero, gets larger as the waveguide width and height increase. The group index at a frequency that achieves a zero GVD becomes 4.4, 5.3, and 5.6 for w ¼ h ¼ 250 nm, 300 nm, and 350 nm, respectively. We calculate the leakage losses as Leakage loss ¼ 8:686 Â 10 À3 jImfgj ½dB/mm (2) where Imfg is the imaginary part of the propagation constant, which given by
where Imf!g is the imaginary part of the angular frequency [29] . The leakage losses at a frequency that achieves zero GVD gets larger as the waveguide width and height decrease. This is because the effective refractive index becomes close to a refractive index of overcladding when decreasing the waveguide width and height as shown in Fig. 3(a) . We evaluate the nonlinear characteristics of the slot waveguides composed of PC nanobeam cavities by calculating its effective nonlinear coefficient eff . The effective nonlinear coefficient is determined by the following function [9] , [10] :
where is an operation wavelength, A eff is the effective mode area, n 2 is a nonlinear refractive index, and S is a slowdown factor. We assume that slot waveguides composed of PC nanobeam cavities have an uniform mode geometry along propagation direction; therefore, we calculate the effective mode area of slot waveguides composed of PC nanobeam cavities as A eff ¼ V eff =Ã [11] , [30] , where Ã is one-period length of the proposed structure, and V eff is the effective mode volume defined by V eff ¼ RRR "ðx ; y ; zÞ E ðx ; y ; zÞ j j 2 dx dy dz max "ðx ; y ; zÞ E ðx ; y ; zÞ j j
The slowdown factor is calculated by using the results of the group index mentioned above, S ¼ n g =n DDMEBT . We assume the nonlinear refractive index of DDMEBT as 1:7 Â 10 À17 m 2 W À1 [27] . We summarize the effective mode area, the group index, the square of the slowdown factor, and the effective nonlinear coefficient at a frequency that achieves zero GVD in Table 1 . The effective mode area becomes small as the waveguide width and height get smaller. On the other hand, the group index becomes large as the waveguide width and height get larger. The ideal condition is to make the effective mode area smaller and the group index larger, but there is a tradeoff between the effective mode area and the group index. We consider such tradeoff is caused by the following reason. When the effective mode area becomes small, from Fig. 4(a) , we can see that the electric field is strongly confined in the narrow slot region. On the other hand, when the effective mode area becomes large, the electric field spreads throughout the slot waveguide as shown in Fig. 4(b) . The electric field distributes in the PC nanobeam cavity region that causes the slow-light effect; therefore, the group index gets larger. As a result, we cannot choose the parameters that satisfy the smallest effective mode area and the largest group index simultaneously. When we consider enhancement of the optical nonlinearity in slot waveguides, first of all, we just have to make the effective mode area smaller by achieving the strong light confinement in a narrow slot region. On the other hand, when we consider enhancement of the optical nonlinearity caused by slow-light effects in PCWs, we just have to increase the group index preferentially. However, in the structure composed of combining slot waveguides with PCWs, the effective nonlinear coefficient does not become maximum in the structure that achieves the smallest effective mode area or the largest group index as shown in Table 1 . From these results, it is essential to explore the optimum waveguide width and height for enhancement of optical nonlinearity by investigating the structural dependence of the effective nonlinear coefficient. From Table 1 , we found the largest effective nonlinear coefficient eff ¼ 11 600 m À1 W À1 for w ¼ h ¼ 300 nm. In addition, in order to appreciate the role of the PC structure in enhancement of nonlinear characteristics, we compare the effective nonlinear coefficients between the proposed structure and the conventional slot waveguide with DDMEBT. In our simulations, the effective nonlinear coefficient of slot waveguides with DDMEBT becomes less than eff ¼ 1000 m À1 W À1 in any combinations of waveguide width and height. Therefore, we can see that the role of the PC structure is important for enhancement of the nonlinear characteristics.
Dependence of Effective Nonlinear Coefficient on m-Value
In previous section, we have investigated the dependence of the effective nonlinear coefficient on the waveguide width and height. We have obtained the largest eff ¼ 11 600 m À1 W À1 for w ¼ h ¼ 300 nm. In this section, for further evaluation of the nonlinear characteristics, we investigate the dependence of the effective nonlinear coefficient on m-value that changes the one-period length of slot waveguides composed of PC nanobeam cavities. We set the waveguide width and height w ¼ h ¼ 300 nm, and set M r ¼ 11 and 15 for m ¼ 4 and 5, respectively. The other parameters are the same as those of Sections 2 and 3. Fig.7(a)-(c) shows the dispersion curves, group index, and leakage losses in slot waveguides composed of PC nanobeam cavities with m ¼ 4, 5, and 6, respectively, where is the propagation constant along the propagation direction, and n g is the group index. We can see that the group index at a frequency, which achieves zero GVD gets larger as the m-value increases. This is because strength of coupling between neighboring resonators becomes weak as the one-period length becomes large. The group index becomes 3.8, 4.4, and 5.3 for m ¼ 4, 5, and 6, respectively. The leakage losses at a frequency that achieves zero GVD get smaller as m-value increases. This is because the structure with large m-value can change the hole radii gradually at the edge of the PC nanobeam cavity [22] .
We evaluate the nonlinear characteristics of the slot waveguides composed of PC nanobeam cavities with m ¼ 4, 5, and 6. We summarize the effective mode area, the group index, the square of slowdown factor, and the effective nonlinear coefficient at a frequency that achieves zero GVD in Table 2 . We can see that the effective mode area gets smaller as the m-value becomes large. Furthermore, the group index gets larger as the m-value becomes large. In consequence, the effective nonlinear coefficient becomes the largest value for m ¼ 6. Therefore, we can enlarge the effective nonlinear coefficient by increasing the m-value. However, we can see that the eff -value depends strongly on wavelength in large m-value as shown in Fig. 8 , which shows a wavelength dependence of the effective nonlinear coefficient of slot waveguides composed of PC nanobeam cavities. There is a tradeoff between the effective nonlinear coefficient and the bandwidth. If we set overlarge m-value to enlarge the effective nonlinear coefficient, the bandwidth becomes extremely narrow. Moreover, in this case, the one-period length of slot waveguide composed of PC nanobeam cavities becomes large. Therefore, we have to choose the parameters carefully in terms of the operation bandwidth and the device size.
Finally, we compare nonlinear characteristics between the proposed structure and the other designs of the nonlinear optical waveguides, i.e., slot waveguides with nonlinear material and Si TABLE 2 Effective mode area, group index, square of the slowdown factor, and effective nonlinear coefficient of slot waveguides composed of PC nanobeams cavities engineered PCWs, as shown in Table 3 . Note that the results of the other designs of the nonlinear optical waveguides are experimentally measured results. We expect that the proposed structure can be a good candidate for nonlinear optical devices.
Conclusion
We have investigated slow-light-enhanced nonlinear characteristics in slot waveguides composed of PC nanobeam cavities and have evaluated their effective nonlinear coefficient. Numerical results have shown that the maximum effective nonlinear coefficient of 11 600 m À1 W À1 has been obtained by using optimized waveguide width and height of w ¼ h ¼ 300 nm. The maximum effective nonlinear coefficient has not been obtained in the structure that achieves the smallest effective mode area or the largest group index. Therefore, we need to explore the optimum parameters of waveguide width and height for enhancement of optical nonlinearity. We have also shown that there exists tradeoff between the effective nonlinear coefficient and the bandwidth when changing the number of holes (m-value) in PC nanobeam cavity. We can enlarge the effective nonlinear coefficient by increasing the m-value. However, the bandwidth becomes extremely narrow if we use overlarge m-value. Therefore, we have to choose the parameters carefully with considering the tradeoff between the effective nonlinear coefficient and the bandwidth. TABLE 3 Comparison of nonlinear characteristics between the other designs of the nonlinear optical waveguides and the our proposed structure
